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An Optimal Parallel Algorithm for Constructing Spanning Forest
of a Trapezpid Graph

Hirotoshi HONMA

Abstract: Let G = (V, E) be a simple graph with n vertices, m edges and p connected
components. The problem of constructing a spanning forest is to find a spanning tree

for each connected component of G. For a simple graph, Chin et al.[1] demonstrated

that a spanning forest can be found in O(log®n) time using O(n?/log®n) processors.

In this paper, we propose an O(logn) time parallel algorithm, which belongs to class
NC and is optimal, with O(n/logn) processors on the EREW PRAM for constructing

a spanning forest on trapezoid graphs.
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nfEOHE R, mARDA, &L T plOEFEEST SRR
SNBEWMIST G=(V.E)FEALNELE, ZOF
57 GOHEERBEFIH LT, 2EAREHETLIHEE
2EHFMEL VD, L, GOERKSBAN 1, $42bb5
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HieE, XY NI—VFHA V&, RARDHTIDHS
NTV2, 2EFRMEIRSBERBREFOFEEHAVT
MEREATHEM M ZERLMSNTEY, HEZ
NSO7NIY XLOUMIUEOHAEL RSN TWS, B
2, 2EARMEIX CRCW PRAM (Concurrent-Read
Concurrent-Write Parallel Random Access Machine) £
T O(logn+m) D70y 4 EHWT, O(logn) KHE
THEIND Z LW Klein BICEo THRILTWVWS [6].
EBIC, Chin BIK&>T OMm?/log?n) BT OE Y%
EHWT O(log® n) B ©EAFAEE RS 7 VTV X L
PREINE 1], RIS, BEOHFKLT BT ST
DEREFRT D Z2ICEY, KYRIRHRZER, Ui
FVIY XLOBMENTETHEZ LB EIABNTH
5. Bl LT, ¥'5 7% permutation graphs ICHIFRL 7=
%, EREW PRAM (Exclusive-Read Exclusive-Write
Parallel Random Access Machine) £ O(n/logn) f#®
JoeyHdEHWE Ologn) BETRT To&E7 VT
VXLNRBEESHNTWS, £/, Honma BICk o THE
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LT2TS5T7BET 57 (trapezoid graphs) WZIRIE
L% EREW PRAM £T O(n) O T 0 E v ¥ & VT
O(logn) B T ETWRERUS 7V T XLDRRS N
TW5 [4. AHATR LEEOMEEFIEHE, WKL T
575 7%BKT 5 7ICREL T, EREW PRAM ET
O(n/logn) D70ty ¥ & HWT O(logn) KETHE
FERARMF 7 VI XL ERET S, Zolisiyvd
VALFT oy P ETRMOES T — 2 BICX L
THIBIC D Z e MO RERIEFI 7 VIV XLTHS
ZLERIKRTS.
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BETS7TOBAOEIC, BRI A T TS
I (Trapezoid Diagram) 2E#H#T 5. 2 RDKEIZE
ThifD E2EEL, LHDD % top channel, TFH %
bottom channel LXEFHET 5. ZHREFN D channel ICITZE
M5 1,2,...2n (n REEE) OBBEIFVATONT
W%, B T, & top channel D 2, a;, b; (a; < b;)
bottom channel £E®D 2 &, ¢;, d; (¢; < d;) D25 4D
DR, (corner points) [a;, b, ci,di] o &> TEFESN
ZEETHY, ZHAHDAKRIMEOBEOARLEET
2zridhwvw. £, BBRBEENEADNEOAZ LD
RESICEST, by <b; 2BIE, i<jeRdEDCIE
ENTEIhs, ZNAH0EBOEEND R D HBMEHH
BERAEBEAAT7 /S LLBS (7. B1K 1THEOE
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1: Trapezoid diagram 7.

LR BEEIATITSLT OB ERT.

MWCERBT 7 GeEHTE. BREATIILT
KBWT, TEOEABEEHAIC—N—XfhstE, &4
TS LED2ODERT;, T; M2 (intersect) § 2%
B, DOEDRKFICRY, ZALOBRBICHIET S HER
MICHUNEET LDV 7 GeBRISITLEHT D [T
BEX A7 75 L1 top channel LICE Y B THWEAL
DEF Tr(l: 2n] L AROF OBBAEDES Pr(l : 2n),
B & U, bottom channel EICEIY HTH I A HOES]
Tgp[l:2n] LARDOFEOBBEDRS] Pl : 2n] Il & o
TAAENE, RI1IKHITRLEBEEIATISLT
DAJ Tr(l : 2n], Pr[l: 2n], Tg[l : 2n], Pg[l : 2n] &
AT B, ZHNCHBRTEERBTZ7 GORlER 21
ZNE
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EWMFNTV 7 4y 7 REEE 3][5] EHWTHEKENT
w3,

Algorithm CSF

Input: Arrays Tr[l: 2n], Pr[l: 2n], Tg[l: 2n], Pg[l : 2n|.
Output: A spanning forest F* of G. Initially F* be a graph
with n vertices and no edge.

(Step 1)  [Construction of arrays Pa,Ps,Pe,Pq.]

(1) If Tr[i] is corner point ‘a;’, Pr[i] is stored to P,[j],
otherwise (i.e., I'r[i] is ‘b;’) Pr[i] is stored to Py[j] in
parallel for 7,1 <i < 2n.

(2) If IB[3] is corner point ‘c;’, Pgli] is stored to P.[j],
otherwise (i.e., T[i] is ‘d;’) Pgli] is stored to Py[j] in
parallel for 4,1 < ¢ < 2n.

R2WFXR3IDANT—RICEFE Step 1 DA % E

AUERRERLTWS. Pl : n|,Pl : n],P[l :
n],Pg[l : n] 3BEIL T TSL T ELOENENDERD
A QD DI EYETONEBBEDOESTH 5.

(Step 2)  [Construction of arrays Lq,Lc,R4.]

(1) Let Lq[i] be min(Pq[n],Pa[n — 1],...,Pq[i]) in parallel for

i,1<i<n.

(2) Let L.[i] be min(P.[n],P.[n — 1],...,Pc[i]) in parallel for
i,1<i<n.

(3) Let Rg[i] be max(P.[1],Pc[2],...,Pc[i]) in parallel for i,
1<i<n.

(Step 3) [Construction of arrays S,» C'.]
Initially C[é¢] := 0 for all 3.

(1) If P,[i] = Lald], let Sq[i] be a pointer to i (self-loop),
otherwise, let Sq[i] be a pointer to i + 1 in parallel for
i,1<i<n.

Then, we apply pointer jumping technique to Sg[é] in
parallel for i, 1 < ¢ < n.

(2) If Pyli] > Lqfi + 1], then C[i] := S,[i + 1] and F™* :=

F*U{(4,S.[t +1])} in parallel for 4,1 <i <n — 1.

(Step 4) [Construction of array Se.]

(1) If P.[i] = Lc[d], let Sc[i] be a pointer to i (self-loop),
otherwise, let Sc[i] be a pointer to i + 1 in parallel for
i,1<i<n.

Then, we apply pointer jumping technique to Sc[é] in
parallel for 7, 1 <i < n.

(2) If Pali] > Lc[i + 1] and C[i] = 0, then C[i] := Sc[i + 1]
and F* := F*U{(4,Sc[¢ +1])} in parallel for ¢, 1 <17 <
n —1.

(Step 5) [Construction of array Sq.]

(1) If Pyli] = Rali], let Sq[i] be a pointer to i (self-loop),
otherwise, let Sq[é] be a pointer ¢ — 1 in parallel for 4,
1<i<n.

Then, we apply pointer jumping technique to Sq[é] in
parallel for 7, 1 <i < n.

(2) If Rali] > Lcli + 1] and C[é] = 0, then C[Sc[i + 1]] :=
Sali] and F* := F* U {(Sc[i + 1], Sa[é])} in parallel for
i,1<i<n—1.
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2: A spanning forest F'* for Trapezoid graph G.

% 1: Arrays TT,PT,TB,PB.

Tr | bs bg aip bio b1 a2 bz a3
Pr 18 19 20 21 22 23 24 25
T | cto dio din c3 ciz2 diz2  c dg

Pp 18 19 20 21 22 23 24 25

(3) Change F* to be an undirected graph by neglecting the
direction of each edge in F™.

BRERLTWS, M2k, ZO7ZNVIVILICEST
BEINE2BHRO—HITHS.

4 7L ITY XL CSF DOIEYH

Wiz 7 )TV XL CSF DIEHEERTEZH, W Dh
DHEEZET 5.

Lemmal 1<i<j<nZ3%ijlcB8WVT, Bfi] >
Lo[j] BT B2 2 51X, (i,5,[j]) 3AEBIS7 GOU
TH5.

1<i<j<n&dijiiBWT, Pyli] > L.[j] WHIL
T5425E, (i,S.[)]) dBEIZ7 GOUTH 5.

HEH. BRI TDOEHLY, BREEAATISLT LD
BRET, LT ARELTWAE, GBI Z7 G LOHK
i, j IS (i,5) WEET S, ZZT, BT, & 1T; W
RET BRI, N top channel £T By[i] > P[4,
¥ 7213, bottom channel ET Py[i] > P.[i] D £H B MM
BMT2H5ZeE2BHRTS. LEXNST, R (1) NERULT
HLE, BV S 7 G LOKR i, jBICE (i,5) DEE
ER-R

by bs ag be az br ag ail  ag
9 10 11 12 13 14 15 16 17
c3 ds c4 dy ce ds cs ds ci1
9 10 11 12 13 14 15 16 17

b1z aia by a5 ae bis b air  bir
26 27 28 29 30 31 32 33 34

diz c5 ca dig cr ce dis  dis  dir
26 27 28 29 30 31 32 33 34

(i=3)(Poli] = Pals]) <0 or (i=j)(Pali] = Pe[j]) < 0. (1)
X2, i <j Bli] > La[j] Y RDORDEILT 5.
(i = §)(P[i] = Lalj]) <0 (2)

Step 4-(1) 4748, S,[j] ¥ L.[j] = Puki] &%
ET k(b > j) B LTRET S, £k, B
Lalj] =min(Py[j], Palj + 1], ..., Paln]) & Y KRR AL
T5.

La[j] = La[Sa[jH = Pa[Sa[j]]'
EBIC, K (2) & YRAMNBY L.
(1 = Sa[j]) (Peli] = Pa[Sa[j]]) < 0. (3)

RB)FGEDHR L S,[j| HCAVFEETHZ L
EBHRLTWS., koTH (i,5,[)) #BEI 57 G L
DUTHB. FHRIC (i,S.[j]) ¥ G LOATHS. O

Lemma 2  Step /4748, C[l:n]| M ¢flD 0 DE
REELLTD. ZOLE, FFEnEOHE, n—qAR
DA, ¢EOEFERSMS D LHHELHERT 5.



& 2: Arrays P,, Py, P., Py.

7 | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
P, |13 1 6 8 11 13 15 17 20 16 23 25 27 29 30 33
P, |4 5 7 9 10 12 14 18 19 21 22 24 26 28 31 32 34
P. |4 1 9 11 2 13 7 15 24 18 17 22 21 28 27 31 30
Pg |5 3 10 12 6 14 8 16 25 19 20 23 26 29 32 33 34
% 3: Arrays Ly, L., Rgq, Sa, Se, Syq, C.
7 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
P, | 3 1 6 8 2 11 13 15 17 20 16 23 25 27 29 30 33
L, |1 1 2 2 2 11 13 15 16 16 16 23 25 27 29 30 33
Sa | 2 2 5 5 5 6 7 8 11 11 11 12 13 14 15 16 17
P, |4 5 7 9 10 12 14 18 19 21 22 24 26 28 31 32 34
P. |4 1 9 11 2 13 7 15 24 18 17 22 21 28 27 31 30
L. |1 1 2 2 2 7 7 15 17 17 17 21 21 27 27 30 30
Se |2 2 5 5 5 7 7 8 11 11 11 13 13 15 15 17 17
P; |5 3 10 12 6 14 8 16 25 19 20 23 26 29 32 33 34
Rs |5 5 10 12 12 14 14 16 25 25 25 25 26 29 32 33 34
Sqg |1 1 3 4 4 6 6 8 9 9 9 9 13 14 15 16 17
cC |2 5 5 5 0 7 4 11 11 11 0 13 9 15 16 17 0

FEHI. Step 4 EITHK, Cn] DRBIHEL NI 0’ TH
5. ZZTC, Cli]=0,Cli+1],Cli+2],...,C[n—1] # 0,
Cln|=0228Ri2BETS. ZOLIR i VEEL
BRWeTcRS GREFTHS. 5, GUIIEEET D
Bp>1ELBETS. §58, Cln—-1]#0&Y, #
Hn—-1&nlCERTZL (n—1,n) VEETS. £k,
Cn—21#£0&Y, Bign-2tHidn-12n0Lb
SAMDHIRICERTI2UNEFETEZ LIRS, ZD&
DI, i+1<j<n—1%3%jIKXNLT, Hi&,joHiH
JH1j4+2,..nDHDOENDDHHIC 1 KDL EFEET
BZeNbhd. KNI, Clij=0%20DT, #ikdik j
(G>i+D MR EARBBEELRY, #oT, i+1
MO RICXHLT, n— 1EOHER, n—i—1AXDLEE
TEHEETSTNBEINDGZ LIRS, KOEHXY,
ZOED R TS TEIRTHZEZLHNOMS. AERIC,
fEDFEFERFICH LT ORI EEI LD, HE 1 &
Y, Steps 34K ko THEBREINEZIERTST7 GDOH
THHZLMNWZDE., &oT, F*id ¢ HOEFEHRS 2D
13 GOWMHRTSTITHY, nflMOHH, n—qgARKOT
BHRE, M0, BRIV AREBRTEZZ L NEHINS.
O

Lemma3d 1<i<;j<nh3i jIXLT, Ryli]>
Lelj] BB YSED BB, (S,[j], Sali]) B G 0LTH 5.

WO, E#E, i <) Rafi] > Lolj] £ VKABRRIELT 5.

(i = 7)(Rali] = Le[5]) < 0. (4)

Step 5-(1) Y, S| & Llj] = Pk %
WET kke > j) BRETSZ. £, S &
Ryli] = Pylks) 28ET ky(ks < i) 2BET

5. EHIC, EFE L[jl=min(P.[j], Pfj + 1], ..., Pen]),
Ryli|l=max(Py[1], Py[2], ..., Pyfi]) £ VR 245 5.
Sclil > 4,
Sali] <1,
Lc[]] = LC[SC[]]] = PC[SC[]H
Rali] = Ra[Sali]] = Pa[Sali]]-
X (4) &Y, RAFKYILO.

(Sali] = Seld]) (PalSalil] = Pe[Sc[s]]) < 0. (5)

A (5) & G DEIR S.[j] and Syfi] MICHNEET S
ZEERBKRLTWS. £o7T, (S.[j],S4]) & GnaT
Hbd. O

Step 5 E4THR, F* X G DR2EFHFEHEE

Lemma 4

T5.
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Wiz 7 )3TV XL CSF DHEEEMNT TS, Step 113
Brent DA% ¥V a—Y Y JRE 3] IC& 5T O(n/log n)fl
D70y Y EFHLT O(og n) RETEITHETHS.
Step 2RMiFIT V7 4y 7 AFHE [5]1C &Y, O(n/log n)
Bo7ovy ¥ 2FHELT O(log n) KETEITHET
B, Steps 3,4.5-(1) BHEA YRV v Yy 7 HIk 8] 1<
XY, O(n/log n)f@O 70y ¥ 2FHLT O(log n)
HETEITHETHS. Steps 3,4,5-(2) & Brent DR
Va—-VYJRE 3ICkoT On/log n)fHDTOEY
YEFALTOog n) BEHTEITHETHE. 205
DAiFIEIEE EREW PRAM #HE#E 7))V ECEH A8
THo. Lo TUTORENKILT S.

Theorem 1 MiFI7)NdYU XL CSFIRERTS 7D
28#% EREW PRAMAEBE TV ET, O(n/log n)
Bo7oey b E2FALT O(log n) BETHEETS.

6 BE

BT T 7 OLEHBEDUF 7 )V ) X LIE R [4)
TR On DTy B E#FMAL T O(log n) HETHE
TR TH - 2. ZOMFI 7 NIV X LIHRHTIED
EZHABRBERIDTERI . ZOEELRSTWED
MRAVEOY VEV T FREICTERAT2 70y ¥
B O(n) CHokZLRRETH 2N, SEIZIH 8] T
FBASNTVD logn HREGEFALERSA VAT Y Y
Y FHEOEBILIYVERER OIS LMIIKRET S Z
CEABBICLE. ZOWMFI7IVTY X LG RE RS 7
NIV XL THEZZLHNIEHEIS LHMETE S,
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