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Abstra
t

We introdu
e Negative dimensional integral te
hnique devised by I.G.Halliday and R.M.Ri
otta.

And we extend the idea to all dimensions using 
omplex variable integral and negative power

di�erentiation. Furthermore we propose a new formula to 
al
ulate Feynman integrals. We

apply it to the 
al
ulations of bubble Feynman integral.
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1 Introdu
tion

Until now, many kinds of ways to 
al
u-

late Feynman propagator integrals were dis-


overed. Dimensional regularization method,

founded by G.'tHooft and M.Veltman, was the

most su

essful one in Quantum �eld theory.[2℄

In 1987, I.G.Halliday and R.M.Ri
otta 
on
eived

an idea known as negative dimensional integral

method.[3℄ It was advan
ed by C.Anastasiou and

others, A.T.Suzuki, A.G.M.S
hmit as well as

other resear
hers.[1℄[4℄[5℄ When we 
al
ulated

Feynman integral propagators, we proposed a

new parameter transformation and a new reg-

ularization, the so-
alled Hypersurfa
e regular-

ization.[6℄[7℄[9℄ In this paper we extend the idea

of negative dimension to all dimensions. Using

our idea and our 
al
ulation method of Feyn-

man propagator integrals, we 
al
ulate bubble

one loop Feynman integral. We show that the re-

sults perfe
tly agree with the results of the stan-

dard 
al
ulation. In Se
. 2 we introdu
e neg-

ative dimensional integral method and explain

our idea as the extension of this method. In

Se
. 3 we apply our idea to bubble Feynman di-

agram integral 
al
ulation with 
onsideration of

C.Anastasiou, E.W.N.Glover and C.Oleari.[1℄ In

Se
. 4 we dis
uss the advantages and the doubt-

ful points 
on
erning our new idea and the new

formula, and explain prospe
ts for the future as


on
luding remarks.

2 Negative dimensional integral te
hnique and its extension

First, we review negative dimensional integral te
hnique, dis
overed by Halliday and Ri
otta,

and try to extend it. Furthermore we will make a new formula to 
al
ulate Feynman propagator

integrals and verify that its formula is exa
tly true.

Let's 
onsider the following integral,
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We 
an prove this formula by utilizing the d-dimensional hyper-spheri
al 
oordinate integral as

follows,
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Now we 
onsider the integral

R
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p in the 
ase of � = 0. The result be
omes 0 be
ause �(0)

is in�nity. In order to avoid this diÆ
ulty we have to take � +

d

2

= 0. A

ordingly, be
ause �

is positive, the dimension d must be negative. This is an idea of negative dimension, proposed

by Halliday and Ri
otta.[3℄ This idea means an analyti
 
ontinuation to negative dimension as

Feynman propagator integrals are analyti
 
on
erning the dimension.

We show the 
on
rete 
al
ulation as follows,
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where we used the formula,[8℄
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The negative dimensional te
hnique be
ame a powerful tool. When we have an integral, su
h as

the above type Eq. (3), it is suÆ
ient to repla
e the integral by (�1)
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Next, we examine another aspe
t of negative dimensional te
hnique. This time, we introdu
e a


omplex parameter variable z and parametrize the above integral as the 
ontour integral along a

small 
ir
le C around the origin z = 0 on the 
omplex plane. Be
ause exp(�p

2

z) does not have

any singularities and is holomorphi
 at z = 0, the following equation holds
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applying Cau
hy's integral theorem 
on
erning the fun
tion with �+1 order pole at z = 0. We 
an

understand that negative dimensional integral method is 
onsistent with the 
on
ept that a single

pole only is e�e
tive on the integral 
al
ulation of the 
omplex variable parameter z.

Subsequently we have to extend negative dimensional method to all dimensional one by 
onsidering

that the following equation
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holds.

In this extension we adopted the 
on
ept that �n times di�erentiation means n times integra-

tion.[10℄

Hen
eforth we postulate the following items:

(a) we 
an ex
hange the order of integration of the variable p and the parameter 
omplex variable

z.

(b) The single pole only is e�e
tive for the 
ontour 
omplex integral after expanding the integrand

to Taylor expansion or a multinomial one.

(
) We interpret that negative n times di�erentiation means n times integration.

(d) We 
an do analyti
 
ontinuation of the Feynman propagator integral to all dimensions from

positive dimension until negative dimension.

(e) The sign and the domain of the indexes in the expansions 
an be de
ided by the mathemati
al


onstraints and the physi
al 
onstraints.

We try to 
al
ulate the following integral, utilizing our new formula, in order to examine whether

our new formula holds or not. We have the following integral from Eq. (7) in Appendix C-2 of Ref.

[11℄,
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We diagonalize the momentum k and shift it as follows

^

k = k�p. Then the pro
ess of the 
al
ulation


an be shown as
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Finally we 
an obtain the result as follows,
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This �nal result is 
onsistent with one of the usual 
al
ulations ex
ept for a fa
tor (�1)

d

2

. In the


al
ulation of the �nal term, we utilized the formula 
on
erning �-fun
tion;
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3 The appli
ation to massive bubble Feynman diagram 
al
ulation

Now we 
onsider appli
ation of our idea and the new formula to the 
al
ulation of massive bubble

Feynman diagram as indi
ated in Fig.1. This one loop integral in d-dimensional Minkowski spa
e

is given
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denominator to generalize it as possible as we 
an,
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Of 
ourse we 
an take �

1

= 1, �

2

= 1 if we need, after we have 
al
ulated the integral. We transform

the momentum k in Minkowski spa
e to the momentum

~

k in Eu
lidean spa
e and apply our formula

Eq. (6) to Eq. (12).

That is,
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We diagonalize the momentum

~

k and sift the momentum from

~

k to
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the integral order of z

i

and

^

k. After that we 
al
ulate the integral of
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k �rst.
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Next we 
arry out Taylor expansion and multinomial expansions in the integrand as follows,
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Finally we perform the 
omplex variable z

1

; z

2

integrations along the 
ontours C

1

; C

2

around the

small 
ir
les at the 
enters of the origins z

1

= 0; z

2

= 0, respe
tively. We 
an get the following

result be
ause only the single poles are e�e
tive, from Cau
hy integral theorem.
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Hen
e we 
an obtain the 
onstraint 
onditions as follows,
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1

)

�(n

1

+n

2

)

�(1 + �

1

� d=2)(1 + �

1

� d=2)

n

2

5



= (�1)

�

1

(�1)

�

2

(�M

2

2

)

d=2��

1

��

2

�(1� �

2

)�(1� d=2)

�(1 + d=2 � �

1

� �

2

)�(1 + �

1

� d=2)

�

X

fn

1

;n

2

g

(�

1

+ �

2

� d=2)

n

1

+n

2

(�

1

)

n

1

+n

2

(�1)

n

1

(d=2)

n

1

(1 + �

1

� d=2)

n

2

�

�

k

2

1

M

2

2

�

n

1

�

M

2

1

M

2

2

�

n

2

= (�1)

�

1

(�1)

�

2

(�1)

d=2

(�M

2

2

)

d=2��

1

��

2

�(d=2 � �

1

)�(�

1

+ �

2

� d=2)

�(�

2

)�(d=2)

�F

4

�

�

1

; �

1

+ �

2

�

d

2

;

d

2

; 1 + �

1

�

d

2

;

k

2

1

M

2

2

;

M

2

1

M

2

2

�

; (19)

where we made use of the formula (a+n)! = �(1+a)(1+a)

n

and (a)

�n

=

(�1)

n

(1�a)

n

and F

4

(a; a

0

; b; 
;x; y)

is a hyper-geometri
 fun
tion with two variables, known as Appell fun
tion, i.e.F

4

(a; b; 
; 


0

;x; y) =

X

m;n

(a)

m+n

(b)

m+n

m!n!(
)

m

(


0

)

n

x

m

y

n

(jxj

1

2

+ jyj

1

2

< 1).[8℄ In the last line, the relation

�(n)�(1�n)

�(m)�(1�m)

=

(�1)

m

(�1)

n

has

been used. In the same way, we 
an 
al
ulate the rest seven 
ases. The results are enumerated

below.

(ii) the 
ase fn

2

; n

3

g

The result:

I

fn

2

;n

3

g

d

= (�1)

�

1

(�1)

�

2

�(1� �

1

)�(1� �

2

)�(1 � d+ �

1

+ �

2

)

�(1 + d=2� �

1

� �

2

)�(1 + �

1

� d=2)�(1 + �

2

� d=2)

�(k

2

1

)

d

2

��

1

��

2

X

fn

2

;n

3

g

(�

1

+ �

2

� d=2)

n

2

+n

3

(1� d+ �

1

+ �

2

)

n

2

+n

3

n

2

!n

3

!(1 + �

1

� d=2)

n

2

(1 + �

2

� d=2)

n

3

 

M

2

1

k

2

1

!

n

2

 

M

2

2

k

2

1

!

n

3

= (�1)

�

1

(�1)

�

2

(�1)

d=2

�(�

1

+ �

2

� d=2)�(d=2 � �

1

)�(d=2 � �

2

)

�(�

1

)�(�

2

)�(d� �

1

� �

2

)

�(k

2

1

)

d

2

��

1

��

2

F

4

�

�

1

+ �

2

�

d

2

; 1� d+ �

1

+ �

2

; 1 + �

1

�

d

2

; 1 + �

2

�

d

2

;

M

2

1

k

2

1

;

M

2

2

k

2

1

�

(20)

(iii) the 
ase fn

1

; n

3

g

The result:

I

fn

1

;n

3

g

d

= (�1)

�

1

(�1)

�

2

(�M

2

1

)

d

2

��

1

��

2

�(1� �

1

)�(1 � d=2)

�(1 + d=2� �

1

� �

2

)�(1 + �

2

� d=2)

�

X

fn

1

;n

3

g

(�1)

n

1

(�

1

+ �

2

� d=2)

n

1

+n

3

(�

2

)

n

1

+n

3

(d=2)

n

1

(1 + �

2

� d=2)

n

3

 

�

k

2

1

M

2

1

!

n

1

 

M

2

2

M

2

1

!

n

3

= (�1)

�

1

(�1)

�

2

(�1)

d=2

�(�

1

+ �

2

� d=2)�(d=2 � �

2

)

�(�

1

)�(d=2)

�(�M

2

1

)

d

2

��

1

��

2

F

4

�

�

2

; �

1

+ �

2

�

d

2

;

d

2

; 1 + �

2

�

d

2

;

k

2

1

M

2

1

;

M

2

2

M

2

1

�

: (21)

(iv) the 
ase fn

1

; q

1

g

The result:

I

fn

1

;q

1

g

d

= (�1)

�

1

(�1)

�

2

�(1� �

1

)�(1� �

2

)�(1� d=2)

�(1� �

1

)�(1 + d=2 � �

2

)�(1� d=2)

(�M

2

1

)

��

1

(�M

2

2

)

d

2

��

2

�

X

fn

1

;q

1

g

(�1)

n

1

(�

1

)

n

1

+q

1

(d=2)

n

1

+q

1

n

1

!q

1

!(1 + d=2� �

2

)

q

1

(d=2)

n

1

 

�

k

2

1

M

2

1

!

n

1

 

M

2

2

M

2

1

!

q

1

6



= (�1)

�

1

(�1)

�

2

(�1)

d=2

�(�

2

� d=2)

�(�

2

)

(�M

2

1

)

��

1

(�M

2

2

)

d

2

��

2

�F

4

�

�

1

;

d

2

;

d

2

; 1 +

d

2

� �

2

;

k

2

1

M

2

1

;

M

2

2

M

2

1

�

: (22)

(v) the 
ase fn

1

; q

2

g

The result:

I

fn

1

;q

2

g

d

= (�1)

�

1

(�1)

�

2

�(1� �

1

)�(1� �

2

)�(1� d=2)

�(1 + d=2� �

1

)�(1 � �

2

)�(1� d=2)

(�M

2

1

)

d

2

��

1

(�M

2

2

)

��

2

�

X
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1

;q

2

g

(�1)

n

1

(�

2

)

n

1

+q

2

(d=2)

n

1

+q

2

n

1

!q

2

!(d=2)

n

1

(1 + d=2� �

1

)

q

2

 

�

k

2

1

M

2

2

!

n

1

 

M

2

1

M

2

2

!

q

2

= (�1)

�

1

(�1)

�

2

(�1)

d=2

�(�

1

� d=2)

�(�

1

)

(�M

2

1

)

d

2

��

1

(�M

2

2

)

��

2

�F

4

�

�

2

;

d

2

;

d

2

; 1 +

d

2

� �

1

;

k

2

1

M

2

2

;

M

2

1

M

2

2

�

: (23)

(vi) the 
ase fn

2

; q

1

g

The result:

I

fn

2

;q

1

g

d

= (�1)

�

1

(�1)

�

2

(k

2

1

)

��

1

(�M

2

2

)

��

2

+

d

2

�(1� �

1

)�(1� �

2

)�(1 + �

1

� d=2)

�(1� �

1

)�(1 + d=2� �

2

)�(1 + �

1

� d=2)

�

X

fn

2

;q

1

g

(�

1

)

n

2

+q

1

(1 + �

1

� d=2)

n

2

+q

1

n

2

!q

1

!(�1)

n

2

+q

1

(1 + �

1

� d=2)

n

2

(1� �

2

+ d=2)

q

1

 

�

M

2

2

k

2

1

!

n

2

 

�

M

2

1

k

2

1

!

q

1

= (�1)

�

1

(�1)

�

2

(�1)

d=2

�(�

2

� d=2)

�(�

2

)

(�M

2

2

)

d

2

��

2

�F

4

�

�

1

; 1 + �

1

�

d

2

; 1 + �

1

�

d

2

; 1� �

2

+

d

2

;

M

2

1

k

2

1

;

M

2

2

k

2

1

�

(24)

(vii) the 
ase fn

3

; q

2

g

The result:

I

fn

3

;q

2

g

d

= (�1)

�

1

(�1)

�

2

(k

2

1

)

��

2

(�M

2

1

)

d

2

��

1

�(1� �

1

)�(1� �

2

)�(1� d=2 + �

2

)

�(1� �

2

)�(1 + d=2� �

1

)�(1 + �

2

� d=2)

�

X

fn

3

;q

2

g

(�

2

)

n

3

+q

2

(1 + �

2

� d=2)

n

3

+q

2

n

3

!q

2

!(�1)

n

3

+q

2

(1 + �

2

� d=2)

n

3

(1� �

1

+ d=2)

q

2

 

�

M

2

2

k

2

1

!

n

3

 

�

M

2

1

k

2

1

!

q

2

= (�1)

�

1

(�1)

�

2

(�1)

d=2

�(�

1

� d=2)

�(�

1

)

(k

2

1

)

��

2

(�M

2

1

)

d

2

��

1

�F

4

�

�

2

; 1 + �

2

�

d

2

; 1 + �

2

�

d

2

; 1� �

1

+

d

2

;

M

2

2

k

2

1

;

M

2

1

k

2

1

�

: (25)

(viii) the 
ase fq

1

; q

2

g

The result:

I

fq

1

;q

2

g

d

= (�1)

�

1

(�1)

�

2

�(1� �

1

)�(1� �

2

)

�(1� d=2)�(1 + d=2� �

1

)�(1 + d=2 � �

2

)

(k

2

1

)

�

d

2

(�M

2

1

)

d

2

��

1

(�M

2

2

)

d

2

��

2

�

X

fq

1

;q

2

g

(d=2)

q

1

+q

2

(1)

q

1

+q

2

q

1

!q

2

!(�1)

q

1

+q

2

(1 + d=2� �

2

)

q

1

(1 + d=2� �

1

)

q

2

 

�

M

2

2

k

2

1

!

q

1

 

�

M

2

1

k

2

1

!

q

2
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positive

negative

positive

negative

n

1

; n

2

n

2

; n

3

n

1

; n

3

n

3

n

1

n

2

n

1

; n

2

n

1

; q

1

n

2

; q

1

Table-1

q

1

n

2

n

1

n

1

; n

3

n

1

; q

2

n

3

; q

2

q

2

n

3

n

1

n

1

; q

1

n

1

; q

2

q

1

; q

2

q

2

q

1

n

1

(a)

(b)

(
)

(d)

= (�1)

�

1

(�1)

�

2

(�1)

d=2

�(d=2)�(�

1

� d=2)�(�

2

� d=2)

�(�

1

)�(�

2

)

(k

2

1

)

�

d

2

(�M

2

1

)

d

2

��

1

(�M

2

2

)

d

2

��

2

�F

4

�

1;

d

2

; 1 +

d

2

� �

2

; 1 +

d

2

� �

1

;

M

2

2

k

2

1

;

M

2

1

k

2

1

�

: (26)

Furthermore, we 
an 
lassify the results of the 
al
ulation to three groups by 
onsidering that

Appell fun
tion F

4

(a; b; 
; 


0

;x; y) is 
onvergent only when

p

jxj+

p

jyj < 1 holds.

The 
lassi�
ation of I

f2g

d

be
omes as follows,

(a) I

f2g

d

(�

1

; �

2

; k

2

1

;M

2

1

;M

2

2

) = I

fn

2

;n

3

g

d

+ I

fn

2

;q

1

g

d

+ I

fn

3

;q

2

g

d

+ I

fq

1

;q

2

g

d

(27)

when

q

M

2

1

+

q

M

2

2

<

q

k

2

1

(b) I

f2g

d

= I

f2g

d

(�

1

; �

2

; k

2

1

;M

2

1

;M

2

2

) = I

fn

1

;n

3

g

d

+ I

fn

1

;q

1

g

d

(28)

when

q

k

2

1

+

q

M

2

2

<

q

M

2

1

(
) I

f2g

d

= I

f2g

d

(�

1

; �

2

; k

2

1

;M

2

1

;M

2

2

) = I

fn

1

;n

2

g

d

+ I

fn

1

;q

2

g

d

(29)

when

q

k

2

1

+

q

M

2

1

<

q

M

2

2

. Next we introdu
e an amazing idea of

the 
lassi�
ation by C.Anastasiou, et al.[1℄ It is supposed that the indexes n

i

; q

j

(i = 1; 2; 3; j = 1; 2)

are very large and so �

i

(i = 1; 2),

d

2


an be negligible. In this 
ase the 
onstraint 
onditions be
ome

as follows,

n

1

+ n

2

+ n

3

= 0 (a); n

1

+ n

2

+ q

1

= 0 (b); n

1

+ n

3

+ q

2

= 0 (
); n

1

+ q

1

+ q

2

= 0 (d) (30)

From Equation (a) when (n

1

; n

2

),(n

2

; n

3

),(n

1

; n

3

) respe
tively are positive, n

3

,n

1

and n

2

are neg-

ative. In the same way as the 
ase of Equation (a) we have ; from (b) (n

1

; n

2

) > 0; (n

1

; q

1

) >

0; (n

1

; q

1

) > 0 =) q

1

< 0; n

2

< 0; n

1

< 0, from Equation (
) (n

1

; n

3

) > 0; (n

1

; q

2

) > 0; (n

3

; q

3

) >

0 =) q

2

< 0; n

3

< 0; n

1

< 0, from Equation (d) (n

1

; q

1

) > 0; (n

1

; q

2

) > 0; (q

1

; q

2

) > 0 =) q

2

<
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0; q

1

< 0; n

1

< 0, as des
ribed in Table-1. Considering that the negative indexes are virtual ones

and 
lassifying I

f2g

d

by fo
using on these negative indexes n

1

; n

2

; n

3

, we 
an get the relations of the

same groups as Eqs. (27),(28) and (29).

Summarizing these situations, we have I

f2g

d

= I

fn

2

;n

3

g

d

+ I

fn

2

;q

1

g

d

+ I

fn

3

;q

2

g

d

+ I

fq

1

;q

2

g

d

for the negative

n

1

, I

f2g

d

= I

fn

1

;n

3

g

d

+ I

fn

1

;q

1

g

d

for the negative n

2

, and I

f2g

d

= I

fn

1

;n

2

g

d

+ I

fn

1

;q

1

g

d

for the negative

n

3

. It is surprising that these results are perfe
tly 
onsistent with the results in the 
ase of the


lassi�
ation by the 
onvergent 
ondition of Appell fun
tion F

4

(a; b; 
; 


0

;x; y).

4 Con
luding Remarks

In this paper we introdu
ed negative dimen-

sional te
hnique and extended this idea from

positive dimension until negative dimension us-

ing the 
on
ept of negative power di�erentiation

in mathemati
s.[10℄ We proposed a new idea that

we 
an do analyti
 
ontinuation to all dimensions

from negative until positive, and made a new for-

mula to 
al
ulate Feynman propagators. Utiliz-

ing this idea and the new formula we 
al
ulated

Feynman massive one loop bubble diagram. I

think our idea and the new formula would be

true 
onsidering the fa
t that results of the 
al-


ulations are 
onsistent with ones of the usual

standard 
al
ulations.

The advantages of our idea and the 
al
ulation

method are

(i) The 
al
ulations are simple and do not

have any approximations.

(ii) We 
an express the results by hyper-

geometri
 series, whi
h is useful to 
al
u-

late numeri
ally.

(iii) We 
an de
ide the domains of the power

indexes in the expansions from the phys-

i
al and mathemati
al 
onstraints. From

this fa
t we 
an draw out new physi
al and

mathemati
al aspe
ts of Feynman propa-

gator.

The disadvantages are

(i) Cau
hy's integral theorem is unstable be-


ause we made a new formula, exploiting

the 
on
ept that negative power di�erenti-

ation means positive power integration .

(ii) The domains of the indexes in Taylor ex-

pansion and multinomial expansions are

slightly un
lear.

(iii) It is inde�nite whether the ex
hange of the

integral order 
on
erning momentum k and

parameter 
omplex variables z

i

is possible

or not.

Hereafter we have to verify that we 
an obtain

a

urate results by applying our idea to the 
al-


ulations of more 
omplex propagator diagrams.

Furthermore we need to more s
rupulously es-

tablish the domain of indexes in Taylor series

expansion and multinomial expansions.
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